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In contrast to the mainstream (Neoclassical) teaching that the capitalist economy is inherently stable, a representative American Post Keynesian economist Hyman Minsky(1919 Minsky( -1996 proposed the 'financial instability hypothesis', which means that the financially-dominated capitalist economy is inherently unstable (cf. Minsky 1975 Minsky , 1982 Minsky , 1986 . It seems that the credibility of Minsky's hypothesis has been rapidly increasing in recent times, since we experienced the Japanese long term deflationary In this paper, we shall try to present some formal mathematical models that are inspired by Minsky's idea. This paper is organized as follows. In section 2, we restate
Minsky's 'financial instability hypothesis' by referring to Minsky's own writings. In Minsky's 'financial instability hypothesis' means that 'the financially-driven capitalist economy is inherently unstable'. But, according to Minsky(1986) , the stability/ instability of the system is by no means independent of the macroeconomic policies of the government and the central bank. That is to say, the appropriate policy mix of the fiscal and monetary policies by the government and the central bank can contribute to 'stabilize an unstable economy' if we quote from the title of Minsky's(1986) book. In sections 5 and 6, we present the further extended higher dimensional models that can study the effects of monetary and fiscal stabilization policies analytically. These models are designed to contribute to give the definite answer to the question concerning what kind of policy mix is appropriate or inappropriate from the point of view of macroeconomic stabilization. We also argue that the analytical conclusions that are derived from these models are quite consistent with the experience of the Japanese economy under the serious deflationary depression in the 1990s and the 2000s, which is called the 'lost twenty years'. Section 7 is devoted to some concluding remarks. Minsky(1975 Minsky( , 1982 Minsky( , 1986 ) asserts that the process of endogenous business cycles inevitably entails the endogenous changes of the form of investment financing such that 'Hedge finance → Speculative finance → Ponzi finance'. Minsky interprets the meanings of these forms of financing as follows.
"If realized and expected income cash flows are sufficient to meet all the payment commitments on the outstanding liabilities of a unit, then the unit will be hedge financing. However, the balance-sheet cash flows from a unit can be larger than the expected income receipts so that the only way they can be met is by rolling over or even increasing debt; units that roll over debt are engaged in speculative finance and those that increase debt are engaged in Ponzi finance." (Minsky 1986, p. 203) Under the depression process, economic agents become quite pessimistic so that they refrain from invest expenditure, and the repayment of the existing debt and hedge finance dominate in such an environment. As the amount of debt decreases, investment activities become more vigorous, and more bold speculative finance becomes dominant.
At the last stage of the prosperity, economic agents become excessively optimistic and they become to be engaged in the Ponzi finance that heavily relies on large amount of borrowing. However, the default of a part of economic agents triggers off the financial crises and the economy rushes into the serious depression. Under the depression process, the hedge finance becomes dominant again. In this way, the waves of the 'pessimism' and the 'optimism' are repeated reciprocally. This is the essence of Minsky's 'financial instability hypothesis'. Minsky's hypothesis forms a striking contrast to the mainstream 'rational expectation hypothesis'. Let us quote from Minsky's writings again. 1 "Financing is often based on an assumption 'that the existing state of affairs will continue indefinitely'(GT p. 152), but of course this assumption proves false. During a boom the existing state is the boom with its accompanying capital gain and asset revaluations. During both a debt-deflation and a stagnant recession the same 1 The abbreviation 'GT' in this quotation means Keynes'(1936) 'general theory'.
conventional assumption of the present always ruling is made; the guiding wisdom is that debts are to be avoided, for debts lead to disaster. As a recovery approaches full employment the current generation of economic soothsayers will proclaim that the business cycle has been banished from the land and a new era of permanent prosperity has been inaugurated. transformed Lotka-Volterra system of mathematical biology, which is based on the dynamic interaction of predator and prey. 3 The reduced form of a system of equations that was presented by Asada(2001) consists of the following two-dimensional system of nonlinear differential equations.
where a dot over the symbol is time derivative, and the meanings of the symbols are as follows. 
Eq. (1) ( i ) can be derived from the fact that the firms' investment expenditure that exceeds the firms' internal finance must be debt-financed. 5 Eq. (1) ( ii ) expresses the 'quantity adjustment' process in the goods market disequilibrium, which implies that the rate of utilization of the capital stock fluctuates according as the excess demand in the goods market per capital stock is positive or negative. In both equations (1) ( i ) and (1) ( ii ), the following investment function is incorporated. Kalecki(1937 Kalecki( , 1971 , which means that firms' risk increases as the investment expenditure increases.
In the simplified model in this section, the fixed price is assumed so that we have
Furthermore, in this section, we assume that the central bank always acts to keep the nominal rate of interest ρ to be constant, which means the lack of the active monetary policy. Therefore, e π and ρ do not enter into the system of equations (1) at which the equilibrium point is locally unstable and the closed orbit itself is stable.
Both of the above mentioned two types of Hopf bifurcation are economically meaningful. The 'subcritical' case corresponds to the 'corridor stability' in the sense of Leijonfufvud(1973) , which means that this system is immune from small shocks that can contain the initial position inside the 'corridor'(stable region), but it is vulnerable to large shocks that leave the initial condition outside the 'corridor'. 7 In the 'supercritical' case, the time trajectory of the variables that starts from the initial condition other than equilibrium point converges to the limit cycle, and the cyclical fluctuations persist indefinitely. 
We can interpret this policy rule as a kind of 'flexible inflation targeting rule', which considers both of inflation targeting and employment targeting. In this formulation, the nonnegative constraint of nominal rate of interest is also allowed for. 9 It will be appropriate to replace the inflation expectation formation equation (7) ξ We obtain the following relationships substituting the equation of price Phillips curve (6) into equations (9) and (10).. (4) ( i ), (4) ( ii ), (11) and (12) This proposition means that the central bank's active monetary policy that is 10 We omit the proof because we need some tedious long calculations to prove this proposition that is related to such a high dimensional dynamic system. We can use the method of the proof that is used in Asada, Chiarella, Flaschel and Franke(2010) extensively. 11 The concept of stability and instability in our model is the traditional one that is applicable to the case in which all initial values of the endogenous variables are pre-determined, unlike the mainstream 'New Keynesian' models in which some variables are treated as not-pre-determined 'jump' variables. Namely, we consider that the equilibrium point is locally stable if and only if all the roots of the characteristic equation at the equilibrium point have negative real parts. As for the critique of the 'New Keynesian' methodology that allows for the 'jump' variables, see Asada(2010 
We can see from this result that the inequality 12 Needless to say, this sentence is the quotation of the title of Minsky's book (Minsky 1986 ). See also Asada, Chiarella, Flaschel, Mouakil, Proaño and Semmler(2010). 13 We assume that the capitalists purchase both of government and private bonds. (24) acts as a stabilizing factor of the system. Needless to say, these inequalities are only partial conditions for instability/stability. Nevertheless, these conditions provide us some insight concerning instability/stability of the system. The (partial) stability condition (23) or (24) is called 'Domar condition' after Domar(1957) . It must be noted that the nominal rate of interest ρ cannot become negative. Therefore, it is likely that the destabilizing 'anti Domar condition' (21) or (22) is satisfied if the rate of inflation π is negative and the real rate of capital accumulation g is negative or almost zero. In fact, this is the case of the Japanese economy in the 1990s and the 2000s under long term deflationary depression, during which the public debt-capital ratio b increased rapidly. 14 Now, let us formulate the fiscal policy rule as follows.
where
and b is the target public debt-capital ratio that is set by the government. This is the feedback rule of the government expenditure that considers both of the stabilization of real national income (employment) and stock of public debt.
The parameter θ is the weight of the relative importance of national income (employment) consideration compared with public debt consideration that is attached by the government.
The equations (16) , (19) and (25) Proposition 1 in the previous section also applies to this extended system. 14 In Japan in this period, the nominal annual rate of interest of long term national debt was in average between 1 percent and 2 percent, and the nominal annual rate of economic growth was in average only 0.1 percent. This means that the destabilizing 'anti Domar condition' (22) was in fact satisfied in Japan in this period (cf. Asada 2011). 15 that is close to 0) is a destabilizing factor. The intuitive explanation of this conclusion is as follows.
Suppose that the government expenditure responds actively to the changes of real national income (employment). Then, the following stabilizing negative feedback mechanism will work. This theoretical reasoning is consistent with the experience of the Japanese economy in the 1990s and the 2000s, which is called the 'lost twenty years'. We already noted that the destabilizing 'anti Domar condition' was satisfied in Japan in this period. In fact, in Japan in this period of serious deflationary depression with high unemployment, the sharp increase of the public debt-capital ratio b coexisted with the decrease rather than increase of both of government expenditure-capital ratio v and income-capital ratio y together with the decline of the growth rate of money stock(cf. Asada 2011).
↑⇒ ↓⇒ v y
These apparently paradoxical behaviors of some key variables in Japan in recent twenty years are quite consistent with the theoretical reasoning of the model in this section, which means that the Japanese government (the Ministry of Finance) and the Bank of Japan have been carrying out quite inappropriate policy mix of fiscal and monetary policies during such a long period of twenty years, probably because they have been sticking to some irrational ideologies. In this paper, we presented some dynamic models that can contribute to formalize
Minsky's idea of financial instability hypothesis, and furthermore presented some models that can contribute to the dynamic analysis of the macroeconomic stabilization policies by means of monetary and fiscal policies. We hope that these models could successfully give an answer to the question "what policy mix is appropriate to stabilize an inherently unstable economy in the sense of Minsky?"
